A rather elusive helicity reversal occurs in a gedanken experiment in which a massive left-handed Dirac neutrino, traveling at a velocity u < c, is overtaken on a highway by a speeding vehicle (traveling at velocity v with u < v < c). Namely, after passing the neutrino, looking back, one would see a right-handed neutrino (which has never been observed in nature). The Lorentz-invariant mass of the right-handed neutrino is still the same as before the passing. The gedanken experiment thus implies the existence of right-handed, light neutrinos, which are not completely sterile. Furthermore, overtaking a bunch of massive right-handed Dirac neutrinos leads to gradual de-sterilization. We discuss the helicity reversal and the concomitant sterilization and de-sterilization mechanisms by way of an illustrative example calculation, with a special emphasis on massive Dirac and Majorana neutrinos. We contrast the formalism with a modified Dirac neutrino described by a Dirac equation with a pseudoscalar mass term proportional to the fifth current.
I. INTRODUCTION
The neutrino (here collectively used in order to denote a mass eigenstate of the neutrino field) is the only particle in the (extended) Standard Model for which an appropriate first-quantized description has not yet been completely determined, and the observation of nonvanishing neutrino masses has not simplified the task (for pertinent overview, see Refs. [1] [2] [3] [4] ). Possible candidate equations include (i) the Dirac equation with a standard, scalar mass term [5] , (ii) the Majorana equation (which would imply that neutrinos are equal to their own antiparticle, see Ref. [6] ), and (iii) generalized Dirac equations with a pseudoscalar mass term [7] [8] [9] [10] [11] [12] [13] . The latter equation leads to a manifest helicity dependence of the anti-commutators of the field operators and to a superluminal (tachyonic) dispersion relation, which has recently been discussed in Ref. [13] . Recent claims regarding a possibly superluminal nature of the neutrino, which eventually turned out to be in error, have inspired theorists to revisit theoretical ideas whose relevance extends beyond relevance to the experimental claims. However, in order to keep things in perspective, we should remember that the origin of these ideas dates back about three decades [7] . Finally, (iv) further modified Dirac equations with small Lorentz-breaking terms have also been discussed in the literature [14] .
In the current article, our focus will be on a comparison of the helicity suppression in models (i) and (iii), while the Majorana character of a neutrino (ii) is commonly associated to the seesaw mechanism [15] [16] [17] [18] , which generates neutrino masses and the mass gap of left-handed and right-handed neutrinos by spontaneous symmetry breaking. It leads to an effective suppression of the right-handed neutrino interaction, in view of a large mass separation of the different helicities. Namely, right-handed neutrinos acquire a mass of order Λ GUT , where Λ GUT is the grand unification scale, while left-handed neutrinos acquire a mass of the order of v 2 /Λ GUT , where v is the Higgs vacuum expectations value. From the point of view of fundamental symmetries, a Majorana character of the neutrino, combined with the seesaw mechanism, would solve two issues simultaneously. Namely, (i) it would explain why the neutrino masses are so small as compared to the masses of other particles in the Standard Model, and (ii) it would offer a very natural interpretation for the elusive helicity reversal of a neutrino overtaken by a speeding vehicle on a highway. The righthanded state would naturally be interpreted as a right-handed anti-neutrino, i.e., as a physical state of the neutrino's own (identical) anti-particle.
However, the introduction of a Majorana neutrino into an extended Standard Model is not as innocent as it seems. In particular, the Majorana mass term violates lepton number, which is a global symmetry that tracks the difference between particles and antiparticles (an excellent overview is presented in Ref. [6] ). While there is nothing sacred about global symmetries, "lepton number conservationalists" might find the lack of a proper distinction of particles and antiparticles disturbing. A Majorana neutrino would be the only spin-1 2 particle in an (extended) Standard Model which is equal to its own antiparticle (the original standard model called for a Weyl neutrino). Furthermore, a Majorana neutrino is described by an equation which, on the level of first quantization, does not allow plane-wave solutions of the form u exp(−ik · x), where u is a spinor (or polarization vector in the case of spin-1 particles) and k·x = E t− k· r is the scalar product of energy-momentum and space-time coordinate (see also C). Recent measurements set rather strict bounds for the magnitude of the Majorana mass terms [19] [20] [21] [22] as inferred from neutrinoless double beta decay experiments.
In order to put things into perspective, we recall that in the "good old times", neutrinos were supposed to be massless Weyl fermions which come in only one helicity state. Weyl fermions transform according to the fundamental ( 1 2 , 0) representation of the Lorentz group. The well-known discovery of neutrino oscillations implies that the neutrinos need to have a nonvanishing mass. If neutrinos are Majorana fermions, then the right-handed states could be interpreted as antineutrinos because Majorana fermions are equal to their own antiparticles, but this interpretation is unavailable if neutrinos are Dirac fermions. Because of the historical, proverbial association of very high speeds with the "autobahn", we would like to refer to the underlying question as the "helicity reversal paradox" or even the "autobahn helicity paradox" while stressing that the problem has been raised here before in the scientific literature. Other possible designations, inspired by Ref. [23] , would include the "rabbit paradox" in light of the fact that high propagating velocities needed to overtake a neutrino are commonly associated with the physical abilities of a species known as the "lepus" or "lepus curpaeums" (in Latin). Indeed, the elusive helicity reversal of a neutrino, overtaken on a highway by speeding vehicle, has given rise to a few questions discussed by Goldhaber and Goldhaber [24] . In Ref. [25] (labelled as "question #76" regarding "neutrino mass and helicity" in the American Journal of Physics), the author raises the question as to how the helicity flip upon (hypothetically) overtaking a left-handed neutrino should be interpreted physically: If only left-helicity neutrino states take part in the weak interaction and helicity is not conserved upon a Lorentz boost, then is the theory of the weak interaction self-consistent? Although this paradox has been around for as long as theorists have conceived of massive neutrinos and has often been discussed and argued in qualitative terms, it is somewhat surprising that we were unable to find a direct quantitative treatment of the relevant physics in the academic literature. We note that helicity (not chirality!) remains a good quantum number for a massive neutrino. An attempt to address the questions was presented in Ref. [26] . In the helicity basis (see Chap. 23 of Ref. [27] , Sec. 2.8.1 on p. 28 of Ref. [2] and Sec. 3 of Ref. [13] ), plane-wave neutrino states are characterized by the wave vector k and the helicity quantum number σ. The wave vector k constitutes a quantum number in a continuous spectrum. In general, the energy E → E ′ , the wave vector k → k ′ and also the helicity σ → σ ′ change upon a Lorentz boost (transformation to a different Lorentz frame). In particular, the helicity quantum number σ reverses sign ("flips") as one "overtakes" the neutrino, by going into a reference frame which travels at a velocity v > u in the direction of the neutrino velocity u < c (one has u < v < c). A right-handed (helicity) Dirac neutrino is not completely sterile because the projector γ µ (1 − γ 5 ) in the weak-interaction Lagrangian projects onto left-handed chirality, not helicity, states, and right-handed (helicity) massive subluminal Dirac neutrinos are never in a perfect right-handed chirality eigenstate.
Here, we start with a discussion of the helicity suppression for a standard Dirac neutrino in Sec. II. The case of a Majorana neutrino is discussed in Sec. III. The necessary formalism for tachyonic Dirac neutrinos is recalled in Sec. IV. We show that real as opposed to virtual spin-1/2 particles described by the tachyonic Dirac equation are always left-handed. Conclusions are given in Sec. V, while A is devoted to a discussion of the transformation into a rotating frame of reference. Further physical consequences of a neutrino theory based on the generalized Dirac equation are discussed in B. Finally, C is devoted to the Majorana equation. Units withh = c = ǫ 0 = 1 are used throughout this article.
II. DIRAC EQUATION AND HELICITY SUPPRESSION
We start from the standard Dirac equation with a scalar mass term,
where the matrices are used in the standard (Dirac) representation,
We define α i = γ 0 γ i and β = γ 0 , with Latin as opposed to Greek superscripts indicating the spatial components. The Lagrangian density is L = ψ(x) (iγ µ ∂ µ − m) ψ(x), and the Hamiltonian is Hermitian, H = α · p + β m. The fundamental positive-energy plain-wave eigenspinors are given by ψ(x) = u ± ( k) e −ik·x with k · x = E t − k · r and
We here use the covariant normalization (14) . The Lorentz-transformed energy E ′ is plotted (solid curve) for u = 0.8, as seen in a frame of reference moving parallel to the z axis at velocity v (measured as a fraction of the speed of light). The energy attains a normalized value E ′ = 1 when the particle is at rest in the moving frame (i.e., for v = u). For v > u, the particle is overtaken and gains energy in the moving frame, while the z component of the Lorentz-transformed momentum k ′ changes sign (dashed curve).
equation in the helicity basis are given as
Here, θ and ϕ are the polar and azimuthal angles of the wave vector k; they of course do not depend on the coordinate vector r. The eigenspinors fulfill the following projector sum rules,
We now consider in detail the transformation of the bispinor wave function under a Lorentz boost, which we denote by a change in the reference frame from the unprimed to the primed coordinate system. Namely, under a Lorentz transformation Λ with spinor representation S(Λ), the bispinor wave function transforms as ψ
The Dirac representation is recovered in the moving frame,
where the latter relation is obtained from the former by the interchange µ ↔ ν and multiplication by S(Λ) −1 from the right and by S(Λ) from the left. We briefly verify that this is consistent with the transformation of the theorem 
In regard to the elusive helicity flip [24] [25] [26] , it is worthwhile to consider the current amplitude
which describes the forward scattering of a positive-energy neutrino in the helicity state σ and with wave vector k. Under a Lorentz transformation Λ µ ν with corresponding spinor transformation S(Λ), this amplitude transforms into
For a Lorentz boost in the z direction, we have
where ρ is the rapidity and γ = 1/ √ 1 − v 2 = cosh(ρ), whereas γ v = sinh(ρ). We note that S(Λ) acts in the space of bispinors, whereas Λ µ ν acts in the space of Lorentz vectors, and that the matrix representation of S(Λ) is tied to the Dirac representation which we use for the γ matrices. Surprisingly, explicit expressions for spinor Lorentz boosts in the Dirac representation of the Dirac algebra seem to be rather scarce in the literature; our formula is in agreement with the discussion in Ref. [28] and with Eq. (2.74) in Sec. 2.4.1 on p. 15 of Ref. [2] . Note that S(Λ) would read differently in the chiral representation of the Dirac matrices. Irrespective of the matrix representation of the Dirac algebra, we have
while all other elements ω µν vanish. We assume that k = kê z points into the positive z direction, while the Lorentzboosted k ′ = k ′ê z may either point into the positive or negative z direction, depending on whether k ′ is positive or negative. Energy E ′ and z component of the momentum k ′ are given as follows,
The Lorentz-boosted k ′ is negative for v > u, as it should. Let us now investigate the helicity σ ′ of the Lorentztransformed spinor. We observe that, according to Eq. (5), setting θ = 0 and θ = π,
Here, we have chosen the constant, unobservable phase exp(±iϕ) of the helicity spinor equal so that the nonvanishing entry is equal to unity in each case. The helicity flip in the spinor wave function thus finds a natural mathematical correspondence: Once the z component of the vector k flips, the interpretation of the fundamental helicity spinor also flips. Acting with the spinor transformation S(Λ) onto the bispinor, it is then possible to verify, after some algebraic manipulation, that the bispinors given in Eq. (3) transform as follows,
These equations explicitly verify the presence of the helicity flip, within the bispinor representation of the Lorentz group. Our analysis is in agreement with the brief discussion presented in the text following Eq. (2.331) on p. 46 of Ref. [2] . Helicity flips upon a transformation into a rotating frame of reference are discussed in A. For the two helicities σ = ±, and the time-like component µ = 0, defining
, we obtain from the Lorentz boost,
A discussion is in order. The functional form of the Lorentz-transformed amplitudes J ′ − and J ′ + changes at v = u, which in turn corresponds to the velocity necessary to overtake the neutrino. The z component of the momentum changes sign at this velocity, and this is manifest in Eq. (16), where the change in the helicity quantum number is manifest. We recall that k ′ = k ′ê z , where k ′ is given in Eq. (14); it changes direction at v = u. Indeed, the neutrino is at rest in the moving frame for v = u.
The asymptotics of J ′ − for v < u, for large energy E ′ , go as J ′ − → 2E ′ /m, in agreement with the left-handed (negative) helicity of the "active" neutrino, while the helicity flip at v = u implies that
In the moving frame, the overtaken neutrino thus becomes gradually sterile, and the change in the functional form in Eq. (17) is consistent with a smooth behaviour of the current amplitude near the point where the neutrino actually is being passed (v = u). The suppression factor upon comparing the two asymptotic forms thus reads as m 2 /(4 E ′2 ), where E ′ is given according to Eq. (14) (see also Fig. 1 ). Conversely, the asymptotics of
and are thus suppressed, in agreement with the right-handed (negative) helicity of the "active" neutrino, while the helicity flip at v = u implies that J
′ /m for v > u, for large energy E ′ . In the moving frame, the overtaken neutrino is "de-sterilized". Despite this parametric suppression at high energies, the right-handed Dirac neutrinos are thus not completely sterile. This consideration quantifies and illustrates the "helicity reversal question" which underlies the considerations of Refs. [24] [25] [26] , and Fig. 2 clearly demonstrates how the helicity reversal and the concomitant gradual suppression of the weak interaction occurs as the velocity of the reference frame v approaches the speed u of the neutrino.
III. MAJORANA PARTICLES AND HELICITY FLIP
Recently, Majorana-particle-like excitations have been observed in solid-state physics [29] . Also, a quantum propagation algorithm [30] for Majorana particle wave packets has been devised, which takes the particle-antiparticle symmetry of the Majorana wave function into account. These questions are nontrivial because the Majorana particle formally follows the Dirac equation, but with the additional constraint that the wave function is charge-conjugation invariant, i.e. it fulfills the condition ψ C = C ψ T with C = i γ 2 γ 0 (in the Dirac representation which we use here). At variance with Ref. [1] , we here consider a space-time metric has the signature (+, −, −, −) so that k·x = E t− k· r. The Majorana fermion is described by the field operator [see Eq. (3.25) on p. 47 of Ref. [1] ],
where the operator f σ ( k) annihilates a Majorana fermion, whereas f + σ ( k) creates one. The peculiar −σ subscript in the antiparticle contribution toψ(x) stems from the fact that in our conventions, σ is a quantum number which is equal to the helicity for particles, whereas it is equal to the negative of the helicity for antiparticles [see the text following Eq. (4) and the discussion in C, especially Eq. (C2)]. The creation phase factor λ = exp(i ϕ) has unit modulus [1] . Up to a phase factor, the Majorana field operator is equal to its own charge conjugate Cψ(x) C −1 [see Eq. (3.29) on p. 51 of Ref. [1] ]. This form of the field operator ensures that the time-ordered vacuum expectation value reproduces the Feynman form i/( ✁ k − m + i ǫ) in momentum space (see p. 67 of Ref. [1] ). Because a Majorana fermion is equal to its own antiparticle, the vector and axial vector currents corresponding to single-particle state of the Majorana inevitably acquire contributions from the anti-particle solutions. The correspondence is as follows. We consider the matrix elements ν f ψ γ µψ ν i and ν f ψ γ µ γ 5ψ ν i whereψ is the (27), the helicity of the Majorana neutrino flips (we again use a value of u = 0.8 for the velocity, the neutrino is overtaken for v > u). However, there is no sterilization as one boosts past the Majorana neutrino.
Majorana field operator and |ν
|0 is a one-particle state lifted from the vacuum (the subscript i and f denote initial and final states). According to the derivation presented on pp. 61-62 of Ref. [1] , one can show that
We here define the vector current and axial vector current matrix elements V µ and A µ , respectively. The negative prefactor in the definition of A µ will find an immediate explanation. For forward scattering, the matrix elements corresponding to J µ σ defined in Eq. (10) are thus as follows,
The charge conjugation matrix C = i γ 2 γ 0 has the properties,
where 1 4×4 is the four-dimensional unit matrix. Hence, for the vector current, we have
whereas for the axial vector current,
So, we have 
These results confirm the Dirac-Majorana confusion theorem [31] [32] [33] :
′ /m, but this holds only for Lorentz transformations into frames which do not "overtake" the neutrino (v < u). As we "overtake" the Majorana neutrino, the left-handed Majorana neutrino transforms into a right-handed Majorana neutrino, which however, because the Majorana is its own anti-particle, needs to interact as if it were a right-handed Majorana anti-neutrino, hence it is not sterile. This is illustrated in Fig. 3 . Majorana neutrinos are not sterilized by overtaking them in a gedanken experiment on a highway. To put the conclusion into perspective, a left-handed neutrino incident on a target at rest in the frame in which it is born will generate leptons, but when one boosts past it and the helicity flips, if it is a Majorana particle, then an interaction with a target at rest in the boosted frame will generate antileptons. This is consistent with the lepton-number nonconservation induced into the Standard Model by Majorana neutrinos (an illustrative discussion is found in Sec. 6.1.1 on pp. 184-185 of Ref. [2] ).
IV. GENERALIZED DIRAC EQUATION AND HELICITY SUPPRESSION
In order to start the discussion of generalized Dirac equations with exotic dispersion relations, we first approach the light cone by considering massless Dirac fermions, which are always in a helicity eigenstate, if they are in an energy eigenstate. The massless Dirac equation and its Hamiltonian H 0 read, quite simply, iγ µ ∂ µ ψ(x) = 0, and H 0 = α · p, respectively, where we again use the standard Dirac representation, and the σ are the 2 × 2 Pauli matrices. The massless Dirac Hamiltonian is a 4 × 4 matrix and it is simultaneously Hermitian as well as pseudo-Hermitian or "γ 5 -Hermitian" [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] ,
One chooses a plane-wave ansatz of the form ψ(x) = u σ ( k) exp(−i k · x) for particles and ψ(x) = v σ ( k) exp(i k · x) for antiparticles, where k · x = | k| t − k · r. According to Sec. 2.4.3 of Ref, [44] , the canonical choice for the phases of the fundamental eigenspinors is as follows,
The zero-mass solutions simultaneously fulfill the following projector identities,
as one can check by an explicit calculation. We note, in particular, that it is impossible to "choose a covariant normalization" in the massless case; one always has
for the massless spinors given in Eq. (29) , hence, the prefactors | k| in Eq. (30) .
The tachyonic generalized Dirac equation reads as
with a Lagrangian density L = ψ(x) γ 5 (iγ µ ∂ µ − im) ψ(x). The corresponding Hamiltonian [7] [8] [9] [10] [11] [12] [13] is pseudo-Hermitian or "γ 5 -Hermitian",
The concept of pseudo-Hermiticity has been established as a viable generalization of Hermiticity for quantum systems [34] [35] [36] [37] [38] [39] [40] [41] [42] , with pseudo-Hermitian Hamiltonians describing systems where the absorptive ("gain") and dissipative ("loss") terms are in equilibrium, and the resulting eigenenergy is real rather than complex [45] . Such systems are physically realized in so-called PT -symmetric waveguides [46] and optical lattices [47] . The application to a superluminal spin-1/2 particle constitutes a candidate theory for a more fundamental application of the concept of pseudo-Hermiticity, whose phenomenological relevance remains to be tested experimentally. The fundamental positive-energy and negative-energy eigenstates of the tachyonic Dirac equation in the helicity basis are given as ψ(x) = u σ ( k) e ik·x and ψ(x) = v σ ( k) e ik·x with with k · x = E t − k · r and E = k 2 − m 2 . The fundamental eigenspinors are obtained from Eqs. (3) and (4) by the simple (formal) substitution E → | k| (see Ref. [13] ),
with the normalization u σ ( k) u σ ( k) = σ, and
with the normalization v σ ( k) v σ ( k) = −σ. The projector sums reads as follows,
We recall that σ is a "good" quantum number and characterizes the helicity, not chirality. Indeed, σ is equal to the helicity for positive-energy states, and equal to minus the helicity for negative-energy states. In the massless limit [13] , the "second" projector sum (30b) is recovered. One might wonder about the "mysterious" factor (−σ) in the sum rules. If we postulate that the time-ordered product of field operators should give a propagator whose Fourier transformation is the inverse of the Hamiltonian, then we have to sum over the eigenspinors, as is done in any derivation of a Green function, and obtain the positiveenergy and negative-energy projectors over the eigenspinors as a result of the spin sums [13] . So, we have to postulate that an expression of the form spin (prefactor) × (tensor product of states) × (scalar or pseudo-scalar matrix) (36) must be equal to a positive-energy or negative-energy projector. Here, the prefactor can only come from the fundamental anticommutator of the field operator, which in turn can only involve the "good" quantum numbers. We postulate a relation of the form
where the b and b + annihilate and create particles of the respective quantum numbers, and corresponding relations for the creators and annihilators of antiparticles. The "prefactor" in Eq. (36) has to be a function of "good" quantum numbers [11] [12] [13] and therefore of the functional form f (σ, k),
where f (σ, k) enters Eq. (37) . For the further derivation of the tachyonic propagator, one simply generalizes the derivation that leads from Eq. (3.169) to Eq. (3.170) in the standard textbook [44] , as it has been described in Ref. [13] . In turn, an inspection of Eqs. (6) and (35) shows that for the choices
the sum rules (6) and (35) are fulfilled, and the propagator may be calculated [13] . If we accept the anticommutator relation (37) , then the right-handed helicity state acquires negative norm. This is seen as follows,
where V = (2π) 3 δ 3 ( 0) is the normalization volume in coordinate space. The norm 1 k,σ |1 k,σ is negative for σ = 1. Therefore, right-handed particle states are excluded from the spectrum by a Gupta-Bleuler condition [11, 13] . This is analogous to virtual photons which can be scalar or longitudinal, but physical photons must be transverse (see also B). The helicity reversal question discussed in Sec. II does not need to be addressed for (even infinitesimally) superluminal neutrinos because it is impossible to overtake them, starting from rest, by the laws of special relativity.
V. CONCLUSIONS
We have presented an overview of helicity suppression mechanisms for the "wrong" neutrino helicity states, under the assumption that the neutrino mass eigenstates are either described by the standard Dirac equation (see Sec. II), or by the tachyonic Dirac equation (see Sec. IV). The case of a Majorana neutrino is treated in Sec. III. For a Dirac neutrino, incomplete sterilization occurs if one overtakes a left-handed neutrino while speeding on a highway without speed limits. The same mechanism predicts gradual de-sterilization upon overtaking right-handed Dirac neutrinos. This phenomenon is graphically represented in Fig. 2 . The weak interactions of the "wrong" helicity states, for a standard Dirac neutrino, are suppressed by a power of m/E, where m is the neutrino mass and E is the energy scale. In addition, one should point out that the (almost) sterile "left-handed turned right-handed" (after the passing maneuver) Dirac neutrinos still have the same mass as before the overtaking: They represent not-quite-sterile, light, right-handed states of the fermion field. Perhaps even more counter-intuitive (but consistently described by a spinor Lorentz transformation) is the gradual de-sterilization of a bunch of right-handed neutrinos as one passes them on a highway (see also Fig. 2) .
By contrast, for Majorana neutrinos, no sterilization occurs (see Sec. III). The antiparticle-component of the axial vector current, which is always present for a Majorana particle, leads to a "built-in" transformation of the Majorana neutrino into its own antiparticle upon overtaking it on a highway, and thus, to de-sterilization upon transformation to a very fast reference frame (see Fig. 3 ). Also, we recall that for Majorana neutrinos, one particular set of helicity states (right-handed neutrino states whose antiparticles are left-handed anti-neutrinos) acquire a very large mass within the seesaw mechanism (see p. 100 of Ref. [3] ), leading to a much more effective suppression involving a power of m/Λ GUT .
One might refer to the underlying questions, which have been discussed in Refs. [24] [25] [26] , as the "helicity reversal paradox", the "autobahn helicity paradox", or, with reference to Ref. [23] , the "rabbit paradox". One might argue that the helicity reversal of Sec. II is described by a Lorentz transformation and does not constitutes a paradox. The same argument, though, would otherwise apply to the "twin paradox" of time dilation which can be "resolved" by pointing to the asymmetry of the problem, in view of the necessary acceleration of the space craft as the "younger" twin reverses the course. Also, the "Ehrenfest paradox" (see Ref. [48] ) which applies to the fast rotation speeds exceeding the speed of light in revolving Lorentz frames, for points sufficiently displaced from the rotation axis, can be resolved by carefully analyzing the physical interpretation of the coordinates [49, 50] . However, it appears to be customary to refer to an intriguing, counter-intuitive (relativistic) phenomenon as a "paradox", and this is why we would advocate the designation of a somewhat paradoxical status to "question #76" (see Refs. [25, 26] ) connected with the helicity reversal upon a Lorentz boost. In any case, the question becomes a true paradox if we additionally assume that the apparent absence of right-handed neutrinos in nature is due to some more fundamental reason such as the exclusion from the physical spectrum by a Gupta-Bleuler condition [13] rather than practical difficulties incurred in the detection of the right-handed states. In Sec. 3 of Ref. [14] , the problem is solved by simply projecting the neutrino field, with general Dirac and Majorana mass terms, by projecting the entire neutrino field onto its lefthanded component. We might add that the "almost" sterile, light, right-handed, overtaken Dirac neutrinos cannot be interpreted as anti-neutrinos because the energy of the left-handed Dirac neutrinos does not change sign upon a Lorentz boost given in Eq. (12) . A superluminal neutrino, described by a generalized Dirac equation with a pseudo-scalar mass term (see Sec. III), has the potential to address a few physical questions connected with neutrinos. The "wrong helicity states" are completely suppressed from the physical neutrino fields due to Gupta-Bleuler condition, and this remains true for infinitesimally superluminal neutrinos with a very small tachyonic mass, because superluminal particles always remain superluminal upon Lorentz transformation. One cannot overtake an ever-so-slightly superluminal neutrino. This follows from the Lorentz transformation, by which superluminal particles always remain superluminal under a transformation between subluminal reference frames. The tachyonic Dirac equation allows for plane-wave solutions, so that essentially nothing has to be altered in electroweak theory if we accept the fact that subluminal and superluminal particles may couple through Lorentz-invariant interactions. Perhaps, one might investigate, in the future, a scenario where neutrinos are superluminal "but not as superluminal as recent false and retracted experimental claims" would otherwise suggest.
Experimental determinations of the neutrino mass square have typically resulted in negative expectation values, yet, compatible with zero within experimental error bounds. Also, experiments on the neutrino propagation velocity have typically yielded results compatible with v = c within error. Quoting Hilbert, we "must know" and "will know" as the experimental accuracy of time-of-flight and neutrinoless beta decay experiments improves. . If the mass of the spinning top is concentrated on a ring displaced by a radius r from the central rotation axis, and m is the mass of the spinning classical "neutrino", then the angular momentum is L z = rm v, where v is the rotation speed of the mass distribution. The required speed is equal to the speed of light at a radius governed by the equation
where λ is the reduced Compton wavelength. One cannot localize a quantum particle better than its Compton wavelength, and therefore the quantum-classical analogue of a spinning top makes sense provided we assume that the particle's mass distribution is displaced from the central rotation axis by a distance commensurate with the particle's Compton wavelength. Conversely, only an "outside" observer could potentially see the neutrino spinning in the opposite direction and reverse its helicity; if we are "inside" the neutrino's Compton wavelength then the concept of a classical spinning top becomes meaningless. Equation (A1) teaches us that if we are to overtake the rotating spinning top by spinning around the axis of rotation faster than the neutrino spin does, and revert its helicity, then we have to rotate about the symmetry axis with a velocity faster than the speed of light. This is impossible for a classical observer starting from rest, according to special relativity and therefore, the classical consideration strongly suggest that helicity reversal in a rotating frame is impossible. (With reference to Sec. III of this article, we should reconfirm that, by contrast, tachyons are never at rest, and remain superluminal in reference frame connected by a proper orthochronous Lorentz transformation [51] [52] [53] [54] [55] .) Let us supplement this classical consideration by a full quantum calculation. Setting aside possible complications due to rotation speeds faster than c in rotating frames (otherwise known as the Ehrenfest paradox [48] [49] [50] ), we write down the Lorentz and spinor transformation for the transformation into the rotating frame in full analogy to Eq. (12) as follows,
Here, ω 0 is the angular frequency of the rotation. We perform a passive rotation, i.e., the transformed coordinates correspond to the rotating frame, which rotates about the z axis in the counter-clockwise (mathematically positive) direction. The generators for the rotation, in the sense of Eq. (13), read as ω 21 = −ω 12 = ω 0 t = ϕ, with all other elements vanishing (here, ϕ is the azimuthal rotation angle). The wave vector k = kê z is invariant under the rotation, and the effect of the rotation into the rotating frame can be illustrated for the positive-helicity state u + (kê z ) defined according to Eq. (3) as follows,
We here indicate the dependence of the bispinor wave function on the spatio-temporal phase factor explicitly; the expression k z − Et is invariant under the rotation about the z axis. The energy, as measured in the rotating frame, is decreased by an amount −ω 0 t/2, by virtue of the definition of the Hamilton operator as H = i∂ t . This is in full analogy to a classical consideration, where the angular frequency of the spinning top (we note the counter-clockwise classical rotation spin for positive helicity) is decreased in the rotating frame. This situation is reversed for negative helicity, where according to Eq. (A2) the time-dependent phase factor is exp (−i ω 0 t/2), and the rotation speed is higher in the rotating frame, resulting in an energy increase by ω 0 t/2. An inspection of the transformed wave function in Eq. (A3) shows that the helicity in the rotating frame is not reversed, irrespective of the magnitude of the angular rotation frequency ω 0 . Namely, one can easily show that the operator that measures the helicity for a particle propagating in the positive z direction is Σ · (kê z )/k = Σ 3 , where
is a 4 × 4 spin matrix. This finding in turn confirms the classical argument regarding the rotation about the central axis faster than the speed of light, which is impossible for massive observers starting from rest. Let us also address the question of a conceivable helicity reversal in the transformation into a frame which rotates at an angular frequency described by the vector ω = ω 0n ,n = sin θ ω cos ϕ ωêx + sin θ ω sin ϕ ωêy + cos θ ωêz .
Under the rotation with angle ϕ = ω t = ω 0n t, with Lorentz generators
the initial wave vector k = kê z transforms into k
The helicity spinor transforms as follows,
The phase factor simplifies to exp(iω 0 t/2) for θ ω = 0. From Eq. (A8), one might otherwise conclude that the lower component (negative helicity) of the spinor a + ( k) gets populated, upon a Lorentz transformation involving a rotation, with the amplitude i e iϕω sin(θ ω ) sin(
and interpret this as a rotation-induced helicity flip [see Eq. (7) of Ref. [56] ]. However, this is not the case, because one needs to interpret the transformed helicity spinor in terms of the transformed wave function [factor exp(i k ′ · r ′ )], where it reproduces the positive-helicity spinor a + ( k ′ ), up to the phase factor exp[i arctan cos(θ ω ) tan(
Finally, the bispinor transforms as follows,
(The energy is invariant under the rotation.) This formula confirms once more that a rotation of the reference system cannot induce a helicity flip of the neutrino; our arguments are in full agreement with the discussion following Eq. (2.341) in Sec. 2.10.1 of Ref. [2] but is at variance with the conclusions recently reached in Ref. [56] . One cannot avoid a Lorentz boost (as opposed to a rotation), as described in Sec. II, to induce the elusive helicity reversal of the Dirac bispinor.
If CPT symmetry holds and if there are no highly non-standard interactions affecting neutrinos and anti-neutrinos differently, then the antineutrino eigenstates are mixed with the complex conjugate matrix,
The tachyonic Dirac equation is obtained from the ordinary Dirac equation based on the replacement m → γ 5 m. One could thus introduce flavour-mass mixing matrix in the tachyonic sector. In particular, the result [60] 
for neutrino oscillations in a baseline experiment with length L, remains valid in the tachyonic sector, provided one assumes a single, tachyonic mass term of the form γ 5 m and parameterizes the mixing matrix accordingly. With an infinitesimally superluminal neutrino, it is very hard to send information into the past, because of the smallness of neutrino interaction cross sections at low energy. Colloquially speaking, the dilemma is that high-energy tachyonic neutrinos approach the light cone and travel only infinitesimally faster than light itself (E = p 2 c 2 + m 2 c 4 ≈ | p| c for high energy). Their interaction cross sections may be sufficiently large to allow for good detection efficiency but this is achieved at the cost of sacrificing the speed advantage. Low-energy tachyonic neutrinos may a substantially faster than light but their interaction cross sections are small and the information sent via them may be lost. A more quantitative argument is given in Ref. [62] . If we raise the impossibility to send information into the past to a postulate, then tachyonic spin-1/2 particles, if they exist, have to be very light.
According to the Feynman prescription, the propagator of the quantized Dirac field has an advanced, strictly speaking acausal part which describes antiparticles moving backward in time, and it also has a causal, retarded part, describing particles moving forward in time. However, the only physically relevant amplitudes predicted by theory are elements of the scattering matrix (S-matrix). Antiparticles moving backward in time are reinterpreted as entities moving forward in time, with all kinetic variables (energy, momentum) changing sign [63, 64] . This is a manifestation of the principle of reinterpretation. The transition amplitude predicted by S matrix theory connects two space-time points, and the time coordinate of one of the events happens to be earlier than the other. Particles, seen by an observer, always move forward in time because it is always possible to identify the "earlier" event whose time coordinate is less than that of the other event. If the particles described by the theory are subluminal (move slower than light), then this reinterpretation is undisputed within the community and forms one the core foundations of experimentally verified quantum field theory. This concept has been generalized to superluminal particles [52] .
The compatibility of faster-than-light travel with the axioms of special relativity has been discussed in Refs. [51-55, 65, 66] . Via a geometric construction (Minkowski diagram), one can show that a superluminal velocity remains superluminal if one changes Lorentz frames. In particular, the Einstein velocity addition theorem remains valid in the superluminal world [51, 52] . Nimtz and coworkers [67] [68] [69] claim to have demonstrated in their (disputed) experiments that electromagnetic signal propagation with up to four times of the speed of light is possible if one is willing to accept exponential damping of the signal (tunneling effect), i.e., over short distances.
The quantum field theory of superluminal particles is plagued with a series of problems, and it was soon realized that not all of the so-called Osterwalder-Schrader axioms [70] can be retained if one tries to incorporate tachyonic particles into field theory. In a series of recent papers [11] [12] [13] , we have used the concept of a Lorentz non-invariant vacuum state, breaking one of the Osterwalder-Schrader [70] axioms, but we have retained absolute conformity with Lorentz covariance and the special theory of relativity. Also, we have offered an alternative picture ("re-reinterpretation") in Sec. 4 of Ref. [11] ) where we work with a Lorentz-invariant vacuum while transforming only the space-time argument of the creation and annihilation operators, but not, as it would seem necessary otherwise, some of the annihilation operators of the tachyonic field into creation operators and vice versa. The Hamiltonians describing faster-than-light particles are pseudo-Hermitian. The concept of pseudo-Hermiticity was introduced in Ref. [34] . Coincidentally, the only particle which is a candidate for superluminality, the neutrino, has been observed in only one helicity (lefthanded), while antineutrinos come in right-handed helicity. This is precisely what our anticommutator relation (37) predicts, and postulating this anticommutator is the only possibility we found in order to complete the spinor sum in Eq. (35) , where the prefactor (−σ) is necessary in order to obtain the positive-energy and negative-energy projectors. No further alterations are necessary for the theory of weak interactions because Lorentz invariance is fully conserved. In principle, the numerical value of the tachyonic mass term could be determined using more precise experiments on neutrino flight times or by looking at the end point of the tritium beta decay experiments more accurately.
If we assume that if the neutrino is superluminal, then the neutrino is not equal to its own antiparticle, and neutrinoless double beta decay is forbidden. While this conclusion somewhat depends on the precise equation proposed for the description of the neutrino, none of the currently proposed equations [7, 11-13, 71, 72] is charge conjugation
